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Abstract 

Several alternative approaches to quantum gravity problem suggest the modifi- 
cation of the fundamental volume ujq of the accessible phase space for representative 
points. This modified fundamental volume has a novel momentum dependence. In 
this paper, we study the effects of this modification on the thermodynamics of an 
ideal gas within the micro canonical ensemble and using the generalized uncertainty 
principle(GUP). Although the induced modifications are important only in quan- 
tum gravity era, possible experimental manifestation of these effects may provides 
strong support for underlying quantum gravity proposal. 
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1 Motivation 



In ordinary statistical mechanics, it is impossible to define the position of a represen- 
tative point in the phase space of the given system more accurately than the situation 
which is given by {Sq5p) m i n > h. In another words, around any point (q,p) of the (two 
dimensional) phase space, there exists an area of the order h which the position of the 
representative point cannot be pin-pointed. In a phase space of 2N dimensions, the cor- 
responding volume of uncertainty around any point would be of order h N . Therefore, it 
is reasonable to regard the phase space as made up of elementary cells of volume ~ h N . 
These cells have one-to-one correspondence with the quantum mechanical states of the 
given system [1]. 

In ordinary picture of quantum theory, we usually ignore the gravitational effects. Never- 
theless, gravity induces uncertainty. Combining this extra uncertainty with usual uncer- 
tainty principle of Heisenberg, we find the generalized uncertainty principle (GUP). There- 
fore, measurements in quantum gravity should be governed by GUP. Much evidence exists 
(from string theory [2-6], non-commutative geometry [7], loop quantum gravity [8] and black 
hole physics [9]) which confirm GUP. On the other hand, theories such as scale relativity 
of Nottale[10], Twistors theory of Penrose[ll] and i?-infinity of El Naschie[12-14] provide 
strong supports and deep understanding of this finite resolution of spacetime points. All 
of this evidence has its origin in the quantum fluctuations of the background spacetime 
metric(the so-called spacetime fuzziness[15,16]-spacetime fuzziness with given mathemat- 
ical exactness in fuzzy K3 manifold of £°°[17]- and/or foamy/fractal spacetime [18]). A 
common feature of all promising candidates for quantum gravity is the existence of a 
minimal length scale on the order of Planck length. This intriguing aspect of quantum 
gravity has been investigated from different perspectives[19-31]. A generalized uncertainty 
principle can be formulated as 



(Note that actually we should consider an extra term on the right hand side of this 
equation which contains expectation value of p. Since we are dealing with absolute value 
of non-vanishing minimal uncertainty in position, we have set this term to be zero. For 
complete discussion of this point see [15]). The main result of this GUP is the existence of 
a non-vanishing minimal observable length which is a consequence of finite resolution of 
spacetime at Planck scale. In fact, position measurement is possible only up to a multiple 
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of Planck length, l p = ~ 10 33 cm [15]. A simple calculation based on (1) shows that 

(Ax) mm = n^fp. 

Therefore (3 is related to minimal observable length. In the spirit of string theory this 
minimal length is of the order of string length. It is impossible to set up a measurement to 
find more accurate particle position than Planck length, and this means that the notion 
of locality breaks down(the so-called spacetime fuzziness)(see[32] and references therein). 
For our purposes, this generalized uncertainty principle can be rewritten as follows 

5q5p>h(l + f3(p) 2 ). (2) 

Note that one can interpret this result as a generalization of % (this generalization can 
lead to generalization of De Broglie principle [33]). Now it is obvious that the volume of 
uncertainty around any point of phase space increases due to extra term in the right hand 
side of (2)( or equivalently due to generalization of %). This generalized volume is given 

r / \-iJV 

by fi[ 1 + (3p ) . Since p is a positive quantity, this feature will decrease drastically the 



number of accessible microstates for a given system specially in high momentum limit. Our 
goal here is to calculate this reduction within microcanonical ensemble and investigate 
its consequences. We consider a simple system of monatomic ideal gas in the case of 
microcanonical ensemble. This issue firstly has been considered by Kalyana Rama[34]. He 
has discussed the effect of GUP on various thermodynamical quantities in grand canonical 
ensemble. Here we are going to consider the effects of GUP on thermodynamics of ideal 
gas in microcanonical ensemble. Note that an elegant formulation of statistical mechanics 
of multi-dimensional Cantor sets based on fractal nature of spacetime has been provided 
by El Naschie[35]. 

In which follows we consider GUP as our primary input. Although GUP is a model- 
independent concept, its functional form is quantum gravity model dependent. As a result, 
there are more generalization of GUP which consider further terms on the right hand side 
of equation (l)(see [15]), but in some sense regarding dynamics, equation (1) has more 
powerful physical grounds(from string theoretical view point, see [6]). Note that GUP 
(1) has a non- vanishing minimal uncertainty only in position; there is no non- vanishing 
minimal uncertainty in momentum. Since aforementioned reduction of accessible phase 
space is a quantum gravity effect, any experimental test of quantum gravity signals will 
support our findings. 
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2 GUP and Thermodynamics of Ideal Gas 



To illustrate the concepts developed in the preceding section, we derive here the ther- 
modynamical properties of an ideal gas composed of monatomic noninteracting particles 
within GUP. In micro canonical ensemble, the macrostate of the given system is defined by 
the number of molecules N, the volume V and energy E of the system. In this ensemble, 
the volume u of the phase space accessible to the representative points of the (member) 
system where have a choice to lie anywhere within a hypershell defined by the condition 
E - f < H(q,p) < E + f is given by 



= f'du = ff(d 3N q) (d 3N p) 



(3) 



where u = w(N, V, E; A), and the primed integration extends only over that part of the 
phase space which conforms to the above condition. Since the Hamiltonian in this case is a 
function of the jo's alone, the integrations over the g's can be carried out straightforwardly 
which gives a factor of V N . The remaining integral 



J\d 3N P ) 



should be evaluated under the following condition 

A 



2m 



E — 



3N 

<$>, 2 <2m 

i=l 



E + 



(4) 



(5) 



Now we should consider the following two key points [32, 33], [36-38]: 



• Within GUP framework, particle's momentum generalizes. This generalized mo- 
mentum is given by 



P 



GUP 



P(l + o/V) 



Due to generalization of momentum, energy will generalize too 

E GUP ~E(l + \pE 2 ). 



(6) 



(7) 



Note that for simplicity we have considered only first order corrections. Higher order 
corrections lead to integrals which can be calculated only with sophisticated numerical 
scheme. With this two points in mind, up to first order in (3, the hypershell equation is 
given by 



2m 



3N 9 
i=l 6 



E(l + lf3E>) + | 



(8) 
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Now, integral (4) is equal to the volume of a 3iV-dimensional hypershell, bounded by two 
hyperspheres of radii 



y 2m 

Therefore, we can write 



and 



l i 3N / I /v \ 3iV 

J . . . J 1] % = C m ^2m{EGUP + _) j ;= A 



(9) 



where 



0<E^(l + ^)<2m(^ + ^) 
•i=i 13 z 



This statement gives half of the volume of relevant phase space (since A <C E GUP ) and 
therefore we should multiply our final result with a factor of 2. Here C 3 jv is a constant 
which depends only on the dimensionality of phase space. Clearly, the volume element 
dh. can also be written as 

--i 3N-2 



dA = -NC 3N (V2m) 



3N 



I e gup + — 



dE 



GUP 



(10) 



To evaluate C 3 n, we use the following integral formula, 



(n: 



where K u (x) is the modified Bessel function of the second kind. Multiplying 3N such 
integrals, one for each of variables pi, we obtain 



3N 



3N 



/J ■ • • /_>P ( - grid + fft*» n * = [i(±) ' exp ( JL) ^ 
Therefore, it follows that 



3N 



(12) 



exp 



2m(E 



GUP 



r 3 w ( 3 V 3iV 



46/3^ 



•16/?^ 



(13) 



Using equation (10), we find 
00 3 .. , / -x :s v 



\NC 3N (V2^) 



Egup + 



3N-2 



exp ( - 2m(E GUP + 



dE 



GUP 



(14) 



5 



where for simplicity we have defined n(/3) = |(^) 2 exp (j^jKi (jf^) • Calculation of 
this integral gives 

c = 2{n((3)f N exp(mA) 

3N 3N(2m)^ J^(E GUP + f)^ exp(-2mE GUP )dE GUP ' 



For A <C E GUP , this equation reduces to 

2[n(/?)] 3JV 
37V(^f- 1)! 

Now, from equation (9), we find (since N ^> 1 



3N 

nGUP\~ 



- 2[n(P)r(2m E onni + ^\ A [n((3)} m / c 

(17) 

Hence, the total volume of the phase space enclosed within hypershell is given by 



3N_ 

2 



There exists a direct correspondence between the various microstates of the given system 
and the various locations in the phase space. The volume ui (of the allowed region of 
the phase space) is, therefore, a direct measure of the multiplicity Q of the microstates 
obtaining in the system. To establish a numerical correspondence between u and Q, we 
should discover a fundamental volume ujq which could be regarded as equivalent to one 
microstate. Once this is done, we can right away conclude that, asymptotically, 

n = —, (19) 

where in GUP, u is given by 

u = (5q5p) 3N = [h(l + (3 P 2 )} 3N = h' 3N , (20) 
Finally, we find the multiplicity(total number of microstates) of the given system as 

V N A (2{n(fJ)} 2 mE GUP ) 2 
Q — =_ V 1 I (21) 

" - ^>3N E GUP (3A[_1)| ' ^ > 

Apparently, within GUP, due to increased fundamental volume Uq, number of total mi- 
crostates decreases. This point have been discussed in more powerful manner in terms of 
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information loss on the quantum scale of spacetime by El Naschie[35]. In fact based on El 
Naschie point of view, there is a fuzzy region information related to the de Broglie length 
followed by an informational horizon given by the loss of information. In this manner he 
find a bound for this information loss(see reference [35] page 207). 

The complete thermodynamics of the given system would then follow in the usual way 
namely through the relationship, 

(V N A (2[n(P)] 2 mE GUP ) 2 \ 
S(N, V, E GUP ) = HnO = Hn^A, V - l)\ ) ' ^ 

In the absence of quantum gravitational effects, that is when (3 = 0, we obtain standard 
thermodynamical results(note that n{f3) tends to -Jtx when f3 — > 0). Various thermody- 
namical quantities can then be calculated using equation(22) straightforwardly. 
Our analysis shows a reduction of the number of accessible microstates in high momen- 
tum regime. This reduction of has novel implications such as reduction of corresponding 
microcanonical entropy of the system. It seems that thermodynamical systems at very 
short distances have an "unusual thermodynamics". Recently, we have shown[39], for a 
micro-black hole which lies in the spirit of such very small scale systems, that the tem- 
perature has an unusual behavior and entropy tends to zero when the size of the system 
tends to Planck length. Here, it is evident that in high momentum regime the entropy of 
ideal gas tends to zero which resembles the mentioned behavior of micro-black hole. This 
seems to be a universal behavior of short distance physics. 

Note that our analysis is based on the generalization of momentum p and energy E(see 
equations (6) and (7)). These generalizations lead to modified dispersion relations. Mod- 
ification of dispersion relations is motivated by several quantum gravity scenarios(see 
[32] and [36-38]). Searches for modifications of the dispersion relation of the form (6) 
or (7) (and their more general forms), constitute part of experimental quantum gravity 
efforts. This type of effect is beyond the standard model extension, since it could not 
be described by power counting renormalizable terms. A possible manifestation of the 
modified dispersion relations is an energy dependent propagation velocity which should 
lead to different time-of-arrivals of the same event on a distant star when looked at it 
in different frequency channels [40] (also see [32] and references therein). Another effect is 
frequency dependent position of interference fringes in interferometric experiments. These 
are some possible experimental schemes for detecting such quantum gravity signals. Al- 
though these experimental scheme are not direct consequence of our findings, but their 
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possible support of modified dispersion relations can be considered as an indirect support 
of our finding. Therefore it is possible in principle to test reduction of phase space due to 
quantum gravity effects. 



3 GUP and Thermodynamics of Extreme Relativis- 
tic Gas 



In this section, we calculate thermodynamics of an ultra-relativistic monatomic noninter- 
acting gaseous system within GUP and up to first order corrections. Using arguments 
presented in preceding section, the hypershell equation for ultra-relativistic gaseous sys- 
tem is given by 



E(l + \(3E') - | 



37V x x 

<E^(i + o^ 2 )<- 

i=l 6 C 



(23) 



Now integral (4) is equal to the volume of a 3iV~-dimensional hypershell, bounded by two 
hyperspheres of radii 



E{1 + \m - | 



and 



E{1 + + | 



The number of accessible microstates for the system is proportional to the volume of this 
hypershell. In the same manner as previous section, we have 



(24) 



where 



37V 



i=l Z 



Here D S n, is a constant which depends only to the dimensionality of the phase space. 
Now, since dT can be written as 

37V-2 



<rr = -ND 3N i- 



1 ML 

I 1 \ o. 



I E GUP + ^ 



dE 



GUP 



to evaluate D 3 n, we use the following integral formula 

f+oo I 



I 

J — ( 



exp(-p - ^pp 3 )dp = m((3), 



(25) 



(26) 
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where, m((3) 



3^ 



£S2(0,i,^j) + £S2(0,i,- ; ^; 



is a linear combination of Lommel 



functions. Note that we should consider the real part of this combination. Multiplying 
3iV such integrals, one for each of variables Pi, we obtain 



/ + OO POO ^ JV 1 cWV 

. . . / exp ( - J>(1 + -/3p?)) J] dft = Mfl] 

-oo J-oo i=1 d i=1 

whence it follows that, 

/_7 exp ( - + y))d^(i2) = [ 

Now, using equation(25), we find 

oo 3 



(27) 



(28) 



-ND 3N (-) 



1 s 3N 

1 N 2 



-oo 2 v C 

Therefore _D 3A r is given by 



3N-2 



e X p (' if/,"''"'. ; 



[mm 3N - (29) 



3AT 



2[m(/?)] !W exp(£) 



3A r(I)^ f+~(£Gi/p + f ) a T =£ exp(-±£ GW5 )d£ Gt/p 
For A < £ ,Gf/p one obtains 

-D3W 



2[m(/?)] 



3A' 



3 jV(M_i)f 
Now from equation (24) we have 

2[m(/?)]^(i^)^fl+4^ 



(30) 



(31) 



/•••/ll^< " 

^ 17 i=i 



M0] 



3V 



3AT(M-1)! 



2£ ;Gl/P(3A[_ 1)! ^ c 



-E 



GUP 



SN 
2 



Hence, the total volume of the phase space enclosed within hypershell is given by 



fiGUP 



(f -1)! 



Since 



we find finally 



^0 



^ A (l[m(/3)] 2 £ Gl/P 



^/37V E GUP 



(f -1)! 



(32) 



(33) 



(34) 



(35) 



The thermodynamics of the system would then follow in the usual way through the 
following relation, 



:i.Y 
2 



S(N, V, E^) = HnO = Hn(^A . (36) 

In the standard situation where (3 = 0, we obtain well-known results of ordinary sta- 
tistical mechanics. Various thermodynamical quantities can then be calculated using 
equation(36). Once again, number of total microstates decreases leading to less entropy 
for given system in GUP. 



4 Summary and Discussion 

Generalized uncertainty principle (GUP) and/or modified dispersion relations(MDRs) are 
common features of all promising quantum gravity scenarios. As a result of GUP and/or 
MDRs, the fundamental volume u of accessible phase space for representative points 
of a given statistical system increases due to gravitational uncertainty. This increasing 
fundamental volume of accessible phase space can be interpreted as a result of Planck 
constant generalization. This feature requires a reformulation of statistical mechanics 
since number of accessible microstates for given system decreases drastically in quantum 
gravity era. This reduction of microstates is quantum gravity effect and can be avoided 
in standard situation but it plays important role in thermodynamics of early universe. 
Here we have considered an ideal gaseous system composed of noninteracting monatomic 
molecules within microcanonical ensemble. We have shown that GUP as a manifestation 
of quantum nature of gravity, leads to reduction of accessible microstates of the given 
system. We have considered two limits of classical and ultra-relativistic gas and in each 
case we have computed complete thermodynamics of the system. 

Our analysis shows a reduction of the number of accessible microstates in high momen- 
tum regime. This reduction of has novel implications such as reduction of corresponding 
microcanonical entropy of the system. In the limit of very high momentum, the entropy 
of the system tends to zero. It seems that thermodynamical systems at very short dis- 
tances(very high energy) have an "unusual thermodynamics". 

One can ask about the possible detection of these extra-ordinary effects. Up to now, there 
is no direct experimental or observational scheme for detection of these novel effects. Nev- 
ertheless, since the basis of our calculations come back to GUP and/or MDRs, possible 
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experimental schemes for detecting these quantum gravity signals are indirect tests of our 
findings. Several strategies for testing these quantum gravity predictions(GUP and/or 
MDRs) have been proposed[38]. Strategies such as frequency dependent position of inter- 
ference fringes in interferometry experiments, an energy dependent propagation velocity 
which should lead to different time-of-arrivals of the same event on a distant star when 
looked at it in different frequency channels, possible detection of black hole remnants 
in Large Hadronic Collider (LHC) and also in ultrahigh energy cosmic ray (UHECR) 
air showers [41, 42], are possible evidences for testing these novel quantum gravity effects. 
Therefore, any search for quantum gravity signals provides possible indirect test of gen- 
eralized statistical mechanics which we have constructed. 
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